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Purpose

Connect ¬ to classical mathematics.



Sources

1 Discussions with Ya. Sergeyev
2 Papers by different authors on this topic (Ya. Sergeyev, L.H.

Kauffman, G. Lolli, . . .)
3 Reflections
4 my paper

Zhigljavsky, A. (2012). Computing sums of conditionally
convergent and divergent series using the concept of grossone.
Applied Mathematics and Computation, 218(16), 8064-8076.



Grossone: axioms

Axiom 1. (Grossone is ‘the largest natural number’). The set of natural
numbers is N = {1,2, . . . ,¬ }, where ¬ is the grossone.

Axiom 2. (Induction). If a certain statement is valid for all n large
enough then this statement is also valid for n = ¬ .

Axiom 3. (Transition to a limit). Assume we have a numerical
sequence {bn} which converges to 0 as n→ ∞. Then this sequence
has a grossone-based representative {b1,b2, ...,b¬} whose last term
b¬ is an infinitesimal quantity; that is, b¬ < ε for any real number ε > 0.

Axiom 4. (Divisibility). For any natural n, the probability that ¬ is
divisible by n is equal to 1/n
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Comments concerning the axioms

Axioms 2 and 3 are required if we want to consider limiting relations
concerning ¬.
The infinitesimal quantity defined in Axiom 3 is the grossone-based
version of the classical symbol o(1), n→ 1.
The version of grossone defined by Axioms 1-3 resembles the version
studied by L.H. Kauffman.

Axiom 4 (divisibility): For any natural n, the probability that ¬ is
divisible by n is equal to 1/n. (So far, I only needed n = 2.)

Original divisibility axiom:
Axiom 4′. The grossone ¬ is divisible by any finite number.



Conditionally convergent series

∞

∑
n=1

an . (1)

With any series (1) we associate the sequence s1,s2, . . . of its partial
sums:

sN = a1 + . . .+ aN .

The series (1) is said to converge conditionally if there exists a finite
limit

S = lim
N→∞

sN

but
lim

N→∞

|sN |= ∞.



Conditionally convergent series: rearrangement

The well-known Riemann rearrangement theorem says that if an
infinite series is conditionally convergent, then its terms can be
rearranged so that the new series converges to any given value, or
diverges.
This is not so if we replace the classical sum

∞

∑
n=1

an

with the ¬-ended sum

¬

∑
n=1

an . (2)



Conditionally convergent series

Th. Assume that we have a series (1) which is either absolutely
convergent or conditionally convergent. If we replace the summation
limit ∞ in (1) with grossone, then we obtain the sum (2). For this sum,
we have the following: (i) the result of summation of (2) is uniquely
defined and does not depend on any rearrangement of the series; (ii)
the finite term in the answer for (2) coincides with the classical answer
S = limN→∞ sN for (1).

Since the sum (2) does not depend on the rearrangement of terms, it
can be computed in many different ways. In particular, we can add
positive terms and negative terms separately.



Conditionally convergent series. Example

S =
¬

∑
n=1

(−1)n+1

n
= 1− 1

2
+

1
3
− 1

4
+

1
5
− 1

6
+ . . .− 1

¬
(−1)¬+1

Assume first that ¬ is even and represent S as the sum of positive
terms minus the sum of negative terms:

S = S1−S2 =
¬/2

∑
n=1

1
2n−1

−
¬/2

∑
n=1

1
2n

We have for any integer K ≥ 1:

S1(K ) =
K

∑
n=1

1
2n−1

=
1
2

ψ

(
K +

1
2

)
+ log2 +

1
2

γ ,

S2(K ) =
K

∑
n=1

1
n

= ψ(K + 1) + γ,

where γ' 0.5772 is the Euler constant, ψ(·) = Γ′(·)/Γ(·) is the
digamma or ψ-function.



Conditionally convergent series. Example (cont.)

For large z, we have

ψ(z) = logz− 1
2z
− 1

12z2 + O(z−4), z→ ∞

implying

ψ(z/2 + 1/2)−ψ(z/2 + 1) =−1
z

+
1

2z2 + O(z−4), z→ ∞

S = S1(¬/2)− 1
2

S2(¬/2) = log2 +
1
2

[
ψ

(
¬/2 +

1
2

)
−ψ(¬/2 + 1)

]
= log2− 1

2¬
+

1
4¬2 + O

(
1

¬4

)
,



Conditionally convergent series. Example (cont.)

S =
¬

∑
n=1

(−1)n+1

n
= 1− 1

2
+

1
3
− 1

4
+

1
5
− 1

6
+ . . .− 1

¬
(−1)¬+1

Grossone answers:
E. ¬ even:

S = log2− 1
2¬

+
1

4¬2 + O
(

1
¬4

)
O. ¬ odd:

S =
1
¬

+ log2− 1
2(¬−1)

+
1

4(¬−1)2 + O
(

1
¬4

)
= log2 +

1
2¬
− 1

4¬2 + O
(

1
¬4

)
We have the agreement (up to order ¬−4) with the classical answer

S =
∞

∑
n=1

(−1)n+1

n
= log2 .



Conditionally convergent series. Example (cont.)

S =
¬

∑
n=1

(−1)n+1

n
= 1− 1

2
+

1
3
− 1

4
+

1
5
− 1

6
+ . . .− 1

¬
(−1)¬+1

S1(K ) =
K

∑
n=1

1
2n−1

=
1
2

ψ

(
K +

1
2

)
+ log2 +

1
2

γ ,

S2(K ) =
K

∑
n=1

1
2n

=
1
2

ψ(K + 1) +
1
2

γ



Conditionally convergent series. Example (cont.)

Grossone answers:
E. ¬ even:

Seven(¬) = S1(¬/2)−S2(¬/2) = log2+
1
2

[
ψ

(
¬/2 +

1
2

)
−ψ(¬/2 + 1)

]
O. ¬ odd:

Sodd (¬) = 1/¬ + log2 +
1
2

[
ψ(¬/2)−ψ(¬/2 +

1
2

)

]
Therefore

ES(¬) =
1
2

Seven(¬) +
1
2

Sodd (¬) = log2

Compare with
¬

∑
n=1

2−n = 1−2−¬ !!!



Another example

S = 1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + . . . = ?

Lemma 1. (simple Cesàro summation, consistent with ¬)

S1 = 1−1 + 1−1 + 1−1 + 1−1 + . . . = 1/2 .

Lemma 2. (3-Cesàro summation or Euler summation, all consistent
with ¬)

S2 = 1−2 + 3−4 + 5−6 + 7−8 + . . . = 1/4 .

Proof:

2S2 = 1 − 2 + 3−4 + 5−6 + 7−8 + . . .

+ 1−2 + 3−4 + 5−6 + 7 + . . .

= 1 − 1 + 1−1 + 1−1 + 1−1 + . . . = 1/2



Grossone derivation for S2

Set

S2(K ) = 1−2 + 3−4 + 5−6 + 7−8 + . . .+ (−1)K+1K .

We have:

S2(K ) =

{
−L, K = 2L
L + 1, K = 2L + 1

or

S2(K ) =

{
−K/2, K even
(K −1)/2 + 1, K odd

If Prob{K = odd}= Prob{K = even}= 1
2 then

ES2(K ) =
1
2

[−K/2] +
1
2

[(K −1)/2 + 1]=
1
4

(exactly !)

So, ES2(¬) = 1
4 .



Come back to S = 1+2+3+4+5+6+7+8+ . . .= ?

S−S2 = +1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + . . .

−1 + 2−3 + 4−5 + 6−7 + 8 + . . .

= +0 + 4 + 0 + 8 + 0 + 12 + 0 + 16 + = 4S

This implies

S−1/4 = 4S ;

that is,
S = 1 + 2 + 3 + 4 + 5 + 6 + 7 + 8 + . . . =−1/12 .



The same method of summation but with grossone

In the ¬-universe, we denote S(K ) = 1 + 2 + . . .+ K . Then we get,
under the assumption S2 = 1/4,

S(¬)−1/4 = 4S(¬/2)

giving S(¬) = ¬2/2−1/12, which is not too far away from the obvious
answer

S(¬) = ¬(¬ + 1)/2 .

In the ¬-universe, we need to separate the cases when ¬ is odd or
even.
If ¬ is even, S2 =−¬/2 and the equation S(¬)−1/4 = 4S(¬/2)
should be replaced with S(¬) + ¬/2 = 4S(¬/2) which yields the
correct answer S(¬) = ¬(¬ + 1)/2. Similar when ¬ is odd.



Divergent series: linear summation methods

Consider a divergent series

∞

∑
n=1

an

A general linear summation method uses auxiliary means of the form

tN =
N

∑
n=1

cN,nsn (N = 1,2, . . .)

The main general example is called the method of Nörlund (or Voronoi)
means where

cN,n = pn,N/PN with pn,N ≥ 0,
N

∑
n=1

pn,N = PN .



Divergent series. Examples of summation methods

Simple Cesàro summation:

cn,N = 1/N (n = 1,2, . . . ,N) .

Cesàro k -means:

cN,n =

(
n + k −2

k −1

)/( N + k −1
k

)
for n ≤ N .

Euler means:

cN,n =

(
N
n

)/
2N for n ≤ N .



Divergent series. Probabilistic interpretation

Assume that (like in the examples above) the coefficients cN,n are
non-negative and ∑

N
n=0 cN,n = 1 for all N. Then for any N, any such set

of coefficients cN,n defines a discrete probability distribution (denote it
PN ) concentrated on the set of integers {0,1, . . . ,N}. The means

tN =
N

∑
n=1

cN,nsn (N = 1,2, . . .)

are simply the expectations with respect to the measure PN .
Then we set N = ¬. The result of a summation method can be written
as

A = lim
N→∞

tN = ES(ξ) =
¬

∑
n=1

c¬,nsn

where ξ∼ P = limN PN .
Comparison of summation methods can be made in the language of
comparison of limiting distributions P and the rate of convergence in
P = limN PN .
Note: the space of infinite matrices (cn,N)n,N is a Banach algebra.



Different topic (statistics): Improper discrete priors

Common example: uniform distribution on {1,2, . . . ,¬}.

X ∼ Bin(N,p)

where N ∼ U{1,2,...,¬} and p ∼ Beta(α,β).
Often leads to improper posterior and hence difficulties in using
MCMC.



Parallel theory of probability: Discretisation
(grossonisation) of continuous distributions

[0,1]∼
{

0,
1
¬
,

2
¬
, . . . ,

¬−1
¬

,1
}

All continuous distributions become discrete.

No possibilities for events with probability 0: Pr{ξ = x}> 0 for all
admissible x .

No need to study (and teach) σ-algebras and Lebesgue integration.

No CLT, no normal distribution; instead, f.e., Bin (¬,p) is an
approximation to Bin (N,p).

We need to use quadrature formulas with infinitely many nodes.



Usefulness of 1/¬ and infinity computer

Perturbations

Inverse problems, Tichonov regularization

Solving equations AX = B when A is a degenerate matrix.

Weighted structured low-rank approximation



Warning: please choose your way of approaching
infinity!

Euler’s product formula for the Riemann’s zeta-function:

ζ(s) =
∞

∑
n=1

n−s = ∏
pj

(
1

1−p−s
j

)

To prove this, we expand

1/(1−p−s
j ) = 1 + p−s

j + p−2s
j + . . .

and observe that each n−s appears exactly once after the product

∏
pj

(
1 + p−s

j + p−2s
j + . . .

)
is turned into a sum after all multiplications are made.
Grossone version does not work: there are ¬ in the lhs but about 2¬

terms in the rhs.



Thank you for attention !

LUNGA VITA GROSSONE !


