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min f(x)

X

subject to  h(x) =10
where f: R® - R and h : R* — R”

L(z, +Z7rj f(x) + 7t h(z)
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= (0 if x belongs to the feasible region
> (0 otherwise

P(x) {
k
P(r) =Y Ihy)

k
P(z) = Z hi(z)
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min f(z) + lP(:z:)

o
for sufficiently small o> 0.
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r Exactness of a Penalty Function 1

Equality Constraints Inequality Constraints Quadratic Problems Algorithms

The optimal solution of the constrained problem
min f(x)
X
subject to  h(x) =10
can be obtained by solving the following unconstrained minimization problem

min f(z) + lP(:z:)

o
for sufficiently small o> 0.

k
P@) = |hj(a)

Non—smooth function!
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k
Let {o;} | 0 and P(z) = Z h3(z)

Step 0 Set [ =0
Step 1 Let z(0;) be an optimal solution of the unconstrained
differentiable problem

min f(x) + lP(QU)

o

Step 2 Set [ = [+ 1 and return to Step 1
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Let

Solve

min f(z) + OP(z) =: ¢ (x,0)
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=20+ 0 1l 202224+ ..

with ¢ € R”

fl@) = fO)+ 07 f W)+ 072D (z) + ...
hz) = hO%) + 07 'MW + 0720 (z) + ...

where £ : R" = R, h®) : R® — R¥ are all finite—value functions.
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mm!n f(x) 1)

subject to  h(x) =10

min £(z) + 50 ()] 2)
Let

x*:aj*O—I—D_lx*l—l—D_Qx*Q—l—...

be a stationary point for (2) and assume that the LICQ condition holds at 2*"
then

the pair (z*9,7* = bW (2*)) is a KKT point of (1).
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: 1,2 , 1.2
mxln 5TT T 53
subjectto 1 +x22 =1

S
4
The pair (z*,7*) with z* = , T = —% s a KKT point.
3
L 4
Lo 1o 1 2
f(x)+ 0OP(x) = 571 + %2 + §D(1 — X1 — T3)
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1 1 1
f(x)+ 0OP(x) = 5:1:% + 6:1:% e §D(1 — T — :1:2)2

First Order Optimality Condition

I1—|—D(£131—|—332—1):O
%IQ—FD(Il—FxQ—l):O
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10 30
xri1 = [ P
L1 4407 27 1440
1 11
*:__D—l___ —1
1= (36 ~ & )
3 3 3
= O Y (=-=0"1. ..
27 (36~ & )
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r Example 1

Equality Constraints Inequality Constraints Quadratic Problems Algorithms

. 10 . 30
xri1 = , [ P
L™ 1440 27 1440
1 1, 1 __,
L1 = — - ([ iy
T1 T T2 1 16- &
3 3 _, 3 __,
S _ 0 iy 1
116 64
= L —1_35—1+im—2
16 16 64
and hY(z*) = -7 = 7
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The optimal solution is ™ = [

KKT conditions.

Example 2
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ull T1 + To

subject to %+ 25 —-2=0

L(z,7) =21 + 22 + 7 (2] + 25 — 2)

— 1

. ] and the pair (a:*,w* —

1
p)

) satisfies the

NUMTA2016
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L]
¢(@,0) =z +ap+ 5 (el +23-2)°

First—Order Optimality Conditions

’

xr1 + 2024 (:1:%%—:1:% —2)2 =0

2
\ :132+2D:1:2(:1:%+:13%—2) =0

The solution is given by

(1 =—1— D_lé +0O72C

To = —1— D_lé +072%C

N
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Moreover
2 2 1 4 21 1 9 13
i+ x5 —2 = 1+6—4D 2104 D — 200~ _ZD C +
1
1 —D D—4C2 01 —2072-2-073C
+64 S 4

| | 1
; +<32 C) +< 2(1) + (-2C*) 0
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Inequality Constraints
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min f(x)
subject to  g(z) <0
h(x) =0
where f: R" = R, g:R" = R™ h:R" — RF.
m k
L(z,m,p) = f(@)+ Y pgi(z)+ Y mh;(x)
i=1 j=1
= f(2) +p' g(z) + 7" h(z)
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r First Order Optimality Conditions 1
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Let 2* € R™ with

linearly independent

If 2* is a local minimizer then there exists u* € R, 7" € R* such that

k
VoL(a®, 1, 7) = V(@) + Y Vh(a)r; = 0
j=1

VL@t n) = g(") < 0
VoL(x* ", 7*)=h(z*) = 0
pto> 0

WALk, wt, 1) = 0
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r Modified LICQ condition 1
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Let 2° € R™. The Modified LICQ (MLICQ) condition is said to hold at 2V if
the vectors

{Vgi(a%),i: () > 0,Vh;(a),j = 1,... .k}

are linearly independent.
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Convergence Results
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min f(x)

X

subject to  g(z) <
: [] 2 U 2
min f(2) + o [[max{0, gi(2) }[|” + 5 [[A(2)]

x*:aj*O—I—D_lx*l—l—D_Qx*Q—l—...
| (MLICQ)
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min f(z)
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h(z) =0

[] []
min f(x) + - max{0, g:(2)}* + = 1)
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min T1 + o
subject to %+ 23 —-2<0
) S 0

L(.CC,7T) — 21+ T2+ U (x%+:c%—2) — 22

V2 1/2v3

The solution is z* = [ 0 ] and (x*, u*) with p* = [ | ] satisfies
KKT conditions.
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[] []
o(x,0) =x1 + 220 + 5 max (0,27 + 25 — 2}2 + 5 max {0, —z )
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[] []
o(x,0) =21 + 20 + 5 max {0, 4+ x2 — 2}2 | 5 max {0, —z9}*

( 1+ 220max{0,27 +23 -2} =0

1 + 2z max{(),:c% + z2 — 2} — O max {0, —x2} =0

\

([t =—2+ A0 '+ BO %+ ...

ts=0—10"1+D0O % +...

N
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gi(z") = (27)° + (25)” =2 =

1 1
+2\/§§D_1+ 6—4—2\/§B+02 0724
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r Example 3 1
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go(2™) = —x5

—(—D_l—DD_2+---)
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min S len =3 5 =5

subject to r1+x20—1<0
a:l—xg—lg()
—x1+x9—1<0
—5131—5132—1§0

- 3/8 ]
T - 1/8 .
The solution is * = 0 and (x™, u*) with p* = 0 satisfies KKT
0

conditions.
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1 3\? 1 1\* O
d(x,0) = 5 (a:l — 5) + > (:BQ — 5) + E{max{o,xl + a0 — 1}%+

max{0,z; — z2 — 1} + max{0, —z1 + z2 — 1}? + max{0, —z1 — x2 — 1}2}
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1 3\? 1 1\* O
d(x,0) = 5 (a:l — 5) + > (:BQ — 5) + E{max{o,xl + a0 — 1}%+

max{0,z; — z2 — 1} + max{0, —z1 + z2 — 1}? + max{0, —z1 — x2 — 1}2}

,

(331 — %) + 0 |max{0,z; +x2 — 1}+

max{0,x; — x2 — 1} — max{0, —z1 + z2 — 1} — max{0, —z1 — x2 — 1}] =0

2 (:132 — %)3 + 0 |max{0,x1 +x2 — 1}—

max{0,x; —x2 — 1} + max{0, —z1 + z2 — 1} — max{0, —z1 — x2 — 1}] =’
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(=14 10""+

<

\ x§:%D_1+
gy +ay—1 = 1+:0'4+207'+...=30""+-.. >0
gi—z3—1 = 1470 '—20'4+...=20""+ >0
—ai4zy—1 = —-1-—i07'4+Li07 '+ <0
—zf—z3—1 = -—-1-3i07'-1i0714... <0
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(2t =1+:0""+
<
\5’3;:%D_1+
gy +ay—1 = 1+:0'4+207'+...=30""+-.. >0
zy—z3—1 = 1+20°'-30°t+...=30"1+ > 0
—ai4zy—1 = —-1-—i07'4+Li07 '+ <0
—zf—z3—1 = -—-1-3i07'-1i0714... <0
3 3
1 3 3 1
1+ - tog...Z D[—D_l -1 ...}:0 [...}D—l
+4 + 2+ 3 +8 + + +

1
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(=14 10""+
9
x _ 1m/—1

\ x2_§D +
gy +ay—1 = 1+:0'4+207'+...=30""+-.. >0
gi—z3—1 = 1470 '—20'4+...=20""+ >0
—ai4zy—1 = —-1-—i07'4+Li07 '+ <0
—zf—z3—1 = -—-1-3i07'-1i0714... <0

3
o+ 3]- Jeo3o +Jo-t e -
2(=3) [ Jom e -3 -3 ofRen e e 0w [ o]0
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4 — ]
zy=14+70""+
<
x _ 1m/—1
\5’72—§D +
gy +ay—1 = 1+:0'4+207'+...=30""+-.. >0
gi—z3—1 = 1470 '—20'4+...=20""+ >0
—ai4zy—1 = —-1-—i07'4+Li07 '+ <0
—zf—z3—1 = -—-1-3i07'-1i0714... <0
* * —1 * 3
* * —1 * 1
] — Ty — 1=+ — M =3
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The optimal solution is z* = [ - ]

Example 4
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min r1 + T9

subject to (x% + 3 — 2)2 =

Lz, ) ::I:1+x2—|—7r(:c%+x§—2)2

— 1l

NUMTA2016
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First—Order Optimality Conditions

f 1 + 40z, (:1:%%—:1:%—2)3:0

| 22 +4Uz) (x%+:c%—2)3:0
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r Example 4
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( z1=A+ BO ' +C0O7?

zo =D+ EO '+ FO72

\

3
1—|—4D:c>f[a:%+x§—2} —

14 [4AD +4B + 405—1}

R_|_[...]D—1_|_..._|_...

where R = A? + B2 — 2. If R # 0 there is still a term multiplying 0. If
R =0, a term 072 can be factored out. The only possibility to eliminate the
term multiplying U is A = 0. Spurious solution!
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min %a:TMa:
X
subject to Ax =
x>0
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Quadratic Problems 1
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min %a:TMa:
X
subject to Ax =
x>0

KKT conditions

Mz+qg—Altu—v =
Ar —b =

x>0, v>0, ztv =0
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Quadratic Problems
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min %a:TMa:
subjectto Ax =10
x>0
1 L] L]
min ixTMx + 2 [l Az - bl|5 + - Imax{0, —z}||2 =: F(x)
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min %a:TMa:
subject to Ax =
x>0
1 L] L]
min ixTMx + 2 [l Az - bl|5 + - Imax{0, —z}||2 =: F(x)
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r Quadratic Problems
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min %a:TMa:
subjectto Ax =10
x>0
1 L] L]
min ixTMx + 2 [l Az - bl|5 + - Imax{0, —z}||2 =: F(x)

VF(z)= Mz + g+ 0A" (Az — b) — O max{0, —x}

z = 2O 4+07 W 40722 4
b = O g-1p® 4L g-2p@ 4

A e R™" rank(A) = m
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0=Mz + q+0AT [A (2@ + 070 4+ 02@ 4 )
5O —O~1pM — O=2p@ 1 | .]
+L] max {O, —z(0 O~z —0=2@ 4 }
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0=Mz + q+0AT [A (2@ + 070 4+ 02@ 4 )
5O —O~1pM — O=2p@ 1 | .]
+L] max {O, —z(0 O~z —0=2@ 4 }

Looking at the [ terms
Az — 0 —

maX{O, —:1:(0)} — 0 and hence 2 >0
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r VF(z) =0 1
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0=Mz + q+0AT [A (2@ + 070 4+ 02@ 4 )
5O —O~1pM — O=2p@ 1 | .]
+L] max {O, —z(0 O~z —0=2@ 4 }

Looking at the 0° terms

Mz 4+ g+ AT (A:z:(l) — b(l)) —v=20

where
v; = max {O, —:135-1)}
only for the indices j for which :135-0) = 0, otherwise v; = 0
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r VF(z) =0 1
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0=Mz + q+0AT [A (2@ + 070 4+ 02@ 4 )
5O —O~1pM — O=2p@ 1 | .]
+L] max {O, —z(0 O~z —0=2@ 4 }

Set
u= Az — p)
0 if 2 =0
KA max{(), —x§1)} otherwise
Then

Mz 4 g+ ATy —v =0

v > 0, w20 =0

NUMTA2016 24 /31
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min f(x)

fl&) = Of9@) + fO)+ 0" @) + ...
Vi) =0V @)+ Vi) + 07 v (@) + ...

NUMTA2016 26 / 31
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min f(x)

At iteration k
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min f(x)

At iteration k

f

ViW(*) =0 and VFO(2*) =0
STOP
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r A Generic Algorithm 1
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min f(x)

At iteration k
otherwise find £ such that

If Vv f) (%) # 0
FOE < fOE) o ([0 Eh))

FO@E) < max fO@) + 0 ([|ViO@Eh))

-~ 0<5<ly,
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r A Generic Algorithm

Equality Constraints Inequality Constraints Quadratic Problems Algorithms

min f(x)

At iteration k
otherwise find £ such that

If V(") =0
FO ) < FOE") + o (“Vf(())(xk)‘|>

(1) (o1 (1) (pk—
A )Sog%kf (")

NUMTA2016
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A Generic Algorithm

Equality Constraints Inequality Constraints Quadratic Problems Algorithms

min f(x)

mo =0, mri1 <max{mg+1, M}

lo =0, kk—i—l < max {lk + 1, L}

o(.) is a forcing function.

NUMTA2016
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r Convergence 1
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Case 1: 3k such that Vf WD (2F) =0,k > k

Then
(1) (pk+1Y < (1) (k=3 >
fOEH) < max fOE), K>k
and hence
(1) (htMitiy (1) ¢ k+M(I—1)+3
Jmax e = me e )
and

FOEH) < O +o ([VFOEH)).  k>E

Assuming that the level sets for f()(z%) and (9 (20) are compact sets, then
the sequence has at least one accumulation point £* and any accumulation

point satisfies V(1) (2*) = 0 and Vf O (z*) =0

NUMTA2016 27 / 31



r Convergence 1
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Case 2: 3 a subsequence j; such that V. f(1)(z7%) = 0
Then

FO @ty < FO () 4 4o (Hv FO (%)

)

Again

(1) (o dr+Mtti (1) (o jut+M(t—1)+i H (1) ( i
max [V (a ) < max fO(e )+ 0 (|[VFO ()

)

and hence V£ (%) — 0.
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r Convergence 1
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Case 2: 3 a subsequence j; such that V. f(1)(z7%) = 0
Then

FO @ty < FO () 4 4o (Hv FO (%)

)

Again

(1) (o dr+Mtti (1) (o jut+M(t—1)+i H (1) ( i
max [V (a ) < max fO(e )+ 0 (|[VFO ()

)

and hence V£ (29%) — 0. Moreover,

(0) ¢ ,.j+Lt+1 (0) (jre+L(t—1)+i H (0) ( Jk
max O ) < max [0 )+ (|[VFO )

)

and hence V() (%) — 0.

NUMTA2016 27 / 31
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At iterations k calculate V f(z%).
If VW (k) £ 0

Pl = min f (xk — onf(D(xk) — BVf(O)(xk))

a>0,6>0

2* 1 = min f© (xk —aVfWO (Ik)>

a>0

NUMTA2016 28 / 31



r Example A

Equality Constraints Inequality Constraints Quadratic Problems Algorithms

: 1.2 1.2
mxln 5TT T 53

subjectto z1+xz20—1=0
1L 5 15

1
f(z) = 521 + %2 + §D(1 — 1 — x9)?

4 0.31 —0.1 0.26
0 _ 1 _ 2 _ 3 _
e R el B Bl BT el B

i_[—012] 5 _[025
YT 0.38 =1 o5
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min T1 + o
X

subject to  z{+25—-2=0

1 1 1

NUMTA2016 30 / 31
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