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min
x

f(x)

subject to h(x) = 0

where f : IRn → IR and h : IRn → IRk

L(x, π) := f(x) +
k

∑

j=1

πjhj(x) = f(x) + πTh(x)
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Let x∗ ∈ IRn and assume that the columns {∇hi(x
∗)} are linearly

independent (LICQ condition).
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Let x∗ ∈ IRn and assume that the columns {∇hi(x
∗)} are linearly

independent (LICQ condition).

If x∗ is a local minimizer then

there exists π∗ ∈ IRk such that

∇xL(x
∗, π∗) = ∇f(x∗) +

k
∑

j=1

∇hj(x
∗)π∗

j = 0

∇πL(x
∗, π∗) = h(x∗) = 0
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Let x∗ ∈ IRn and assume that the columns {∇hi(x
∗)} are linearly

independent (LICQ condition).

If x∗ is a local minimizer then

there exists π∗ ∈ IRk such that

∇xL(x
∗, π∗) = ∇f(x∗) +∇h(x∗)Tπ∗ = 0

∇πL(x
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Let x∗ ∈ IRn and assume that the columns {∇hi(x
∗)} are linearly

independent (LICQ condition).

If x∗ is a local minimizer then

there exists π∗ ∈ IRk such that

∇xL(x
∗, π∗) = ∇f(x∗) +∇h(x∗)Tπ∗ = 0

∇πL(x
∗, π∗) = h(x∗) = 0

KKT (Karush–Kuhn–Tucker) Conditions
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A penalty function P : IRn → IR satisfies the following condition

P (x)

{

= 0 if x belongs to the feasible region
> 0 otherwise
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A penalty function P : IRn → IR satisfies the following condition

P (x)

{

= 0 if x belongs to the feasible region
> 0 otherwise

P (x) =

k
∑

j=1

|hj(x)|

P (x) =

k
∑

j=1

h2j(x)
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The optimal solution of the constrained problem

min
x

f(x)

subject to h(x) = 0

can be obtained by solving the following unconstrained minimization problem

min f(x) +
1

σ
P (x)

for sufficiently small but fixed σ > 0.
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The optimal solution of the constrained problem

min
x

f(x)

subject to h(x) = 0

can be obtained by solving the following unconstrained minimization problem

min f(x) +
1

σ
P (x)

for sufficiently small but fixed σ > 0.

P (x) =
k

∑

j=1

|hj(x)|

Non–smooth function!
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Let {σl} ↓ 0 and P (x) =

k
∑

j=1

h2j (x)

Step 0 Set l = 0
Step 1 Let x(σl) be an optimal solution of the unconstrained
differentiable problem

min f(x) +
1

σl
P (x)

Step 2 Set l = l + 1 and return to Step 1
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Let

P (x) =

k
∑

j=1

h2j(x)

Solve

min f(x) + ① P (x) =: φ (x, ① )
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x = x0 + ① −1x1 + ① −2x2 + . . .

with xi ∈ IRn

f(x) = f (0)(x) + ① −1f (1)(x) + ① −2f (2)(x) + . . .

h(x) = h(0)(x) + ① −1h(1)(x) + ① −2h(2)(x) + . . .

where f (i) : IRn → IR, h(i) : IRn → IRk are all finite–value functions.
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x

f(x) +
1

2
① ‖h(x)‖2 (2)
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min
x

f(x)

subject to h(x) = 0
(1)

min
x

f(x) +
1

2
① ‖h(x)‖2 (2)

Let

x∗ = x∗0 + ① −1x∗1 + ① −2x∗2 + . . .

be a stationary point for (2) and assume that the LICQ condition holds at x∗0

then
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min
x

f(x)

subject to h(x) = 0
(1)

min
x

f(x) +
1

2
① ‖h(x)‖2 (2)

Let

x∗ = x∗0 + ① −1x∗1 + ① −2x∗2 + . . .

be a stationary point for (2) and assume that the LICQ condition holds at x∗0

then

the pair
(

x∗0, π∗ = h(1)(x∗)
)

is a KKT point of (1).
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min
x

1
2x

2
1 +

1
6x

2
2

subject to x1 + x2 = 1

The pair (x∗, π∗) with x∗ =





1
4

3
4



, π∗ = −1
4 is a KKT point.
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min
x

1
2x

2
1 +

1
6x

2
2

subject to x1 + x2 = 1

The pair (x∗, π∗) with x∗ =





1
4

3
4



, π∗ = −1
4 is a KKT point.

f(x) + ① P (x) =
1

2
x21 +

1

6
x22 +

1

2
① (1− x1 − x2)

2
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f(x) + ① P (x) =
1

2
x21 +

1

6
x22 +

1

2
① (1− x1 − x2)

2

First Order Optimality Condition

{

x1 + ① (x1 + x2 − 1) = 0
1
3x2 + ① (x1 + x2 − 1) = 0
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f(x) + ① P (x) =
1

2
x21 +

1

6
x22 +

1

2
① (1− x1 − x2)

2

x∗1 =
1①

1 + 4①
, x∗2 =

3①

1 + 4①
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f(x) + ① P (x) =
1

2
x21 +

1

6
x22 +

1

2
① (1− x1 − x2)

2

x∗1 =
1①

1 + 4①
, x∗2 =

3①

1 + 4①

x∗1 =
1

4
− ① −1(

1

16
− 1

64
① −1 . . .)

x∗2 =
3

4
− ① −1(

3

16
− 3

64
① −1 . . .)



Example 1
Equality Constraints Inequality Constraints Quadratic Problems Algorithms

NUMTA2016 12 / 31

f(x) + ① P (x) =
1

2
x21 +

1

6
x22 +

1

2
① (1− x1 − x2)

2

x∗1 =
1①

1 + 4①
, x∗2 =

3①

1 + 4①

x∗

1
+ x∗

2
− 1 =

1

4
− 1

16
① −1 +

1

64
① −2 . . .

+
3

4
− 3

16
① −1 +

3

64
① −2 . . .− 1

= − 1

16
① −1 − 3

16
① −1 +

4

64
① −2 . . .

and h(1)(x∗) = −1
4 = π∗
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min x1 + x2

subject to x21 + x22 − 2 = 0

L(x, π) = x1 + x2 + π
(

x21 + x22 − 2
)

The optimal solution is x∗ =

[

−1
−1

]

and the pair
(

x∗, π∗ = 1
2

)

satisfies the

KKT conditions.
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φ (x, ① ) = x1 + x2 +
①

2

(

x21 + x22 − 2
)2

First–Order Optimality Conditions











x1 + 2① x1
(

x21 + x22 − 2
)2

= 0

x2 + 2① x2
(

x21 + x22 − 2
)2

= 0

The solution is given by







x1 = −1− ① −1 1
8 + ① −2C

x2 = −1− ① −1 1
8 + ① −2C
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Moreover

x21 + x22 − 2 = 1 +
1

64
① −2 + ① −4C2 1

4
① −1 − 2① −2 − 1

4
① −3C +

1 +
1

64
① −2 + ① −4C2 1

4
① −1 − 2① −2 − 1

4
① −3C

=
1

2
① −1 +

(

1

32
− 4C

)

① −2 +

(

−1

2
C

)

① −3 +
(

−2C2
)

① −4
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min
x

f(x)

subject to g(x) ≤ 0
h(x) = 0

where f : IRn → IR, g : IRn → IRm h : IRn → IRk.

L(x, π, µ) := f(x) +

m
∑

i=1

µigi(x) +

k
∑

j=1

πjhj(x)

= f(x) + µT g(x) + πTh(x)
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Let x∗ ∈ IRn with
{

∇gi(x
∗), i : gi(x

∗) = 0,∇hj(x
∗), j = 1, . . . , k

}

linearly independent
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Let x∗ ∈ IRn with
{

∇gi(x
∗), i : gi(x

∗) = 0,∇hj(x
∗), j = 1, . . . , k

}

linearly independent

If x∗ is a local minimizer then there exists µ∗ ∈ IRm
+ , π∗ ∈ IRk such that

∇xL(x
∗, µ∗, π∗) = ∇f(x∗) +

k
∑

j=1

∇hj(x
∗)π∗

j = 0

∇µL(x
∗, µ∗, π∗) = g(x∗) ≤ 0

∇πL(x
∗, µ∗, π∗) = h(x∗) = 0

µ∗ ≥ 0

µ∗T∇πL(x
∗, µ∗, π∗) = 0
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Let x0 ∈ IRn. The Modified LICQ (MLICQ) condition is said to hold at x0 if
the vectors

{

∇gi(x
0), i : gi(x

0) ≥ 0,∇hj(x
0), j = 1, . . . , k

}

are linearly independent.
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min
x

f(x)

subject to g(x) ≤ 0
h(x) = 0

min
x

f(x) +
①

2
‖max{0, gi(x)}‖2 +

①

2
‖h(x)‖2

x∗ = x∗0 + ① −1x∗1 + ① −2x∗2 + . . .

⇓ (MLICQ)
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min
x

f(x)

subject to g(x) ≤ 0
h(x) = 0

min
x

f(x) +
①

2
‖max{0, gi(x)}‖2 +

①

2
‖h(x)‖2

x∗ = x∗0 + ① −1x∗1 + ① −2x∗2 + . . .

⇓ (MLICQ)

(

x∗0, µ∗ = g(1)(x∗), π∗ = h(1)(x∗)
)
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min x1 + x2

subject to x21 + x22 − 2 ≤ 0
−x2 ≤ 0

L(x, π) = x1 + x2 + µ1

(

x21 + x22 − 2
)

− µ2x2

The solution is x∗ =

[

−
√
2

0

]

and (x∗, µ∗) with µ∗ =

[

1/2
√
2

1

]

satisfies

KKT conditions.
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min x1 + x2

subject to x21 + x22 − 2 ≤ 0
−x2 ≤ 0

φ(x, ① ) = x1 + x2 +
①

2
max

{

0, x21 + x22 − 2
}2

+
①

2
max {0,−x2}2
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φ(x, ① ) = x1 + x2 +
①

2
max

{

0, x21 + x22 − 2
}2

+
①

2
max {0,−x2}2







1 + 2x1① max
{

0, x21 + x22 − 2
}

= 0

1 + 2x2① max
{

0, x21 + x22 − 2
}

− ① max {0,−x2} = 0
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φ(x, ① ) = x1 + x2 +
①

2
max

{

0, x21 + x22 − 2
}2

+
①

2
max {0,−x2}2







1 + 2x1① max
{

0, x21 + x22 − 2
}

= 0

1 + 2x2① max
{

0, x21 + x22 − 2
}

− ① max {0,−x2} = 0







x∗1 = −
√
2 +A① −1 +B① −2 + . . .

x∗2 = 0− 1① −1 +D① −2 + . . .
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g1(x
∗) = (x∗1)

2 + (x∗2)
2 − 2 =

+2
√
2
1

8
① −1 +

[

1

64
− 2

√
2B + C2

]

① −2 + · · ·

µ∗
1 = 2

√
2
1

8
=

1

2
√
2
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g2(x
∗) = −x∗2

−
(

−① −1 −D① −2 + · · ·
)

µ∗
2 = 1
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min 1
2

(

x1 − 3
2

)2
+ 1

2

(

x2 − 1
2

)4

subject to x1 + x2 − 1 ≤ 0
x1 − x2 − 1 ≤ 0
−x1 + x2 − 1 ≤ 0
−x1 − x2 − 1 ≤ 0

The solution is x∗ =

[

1
0

]

and (x+, µ∗) with µ∗ =









3/8
1/8
0
0









satisfies KKT

conditions.
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φ(x, ① ) =
1

2

(

x1 −
3

2

)

2

+
1

2

(

x2 −
1

2

)

4

+
①

2

{

max{0, x1 + x2 − 1}2+

max{0, x1 − x2 − 1}2 +max{0,−x1 + x2 − 1}2 +max{0,−x1 − x2 − 1}2

}
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φ(x, ① ) =
1

2

(

x1 −
3

2

)

2

+
1

2

(

x2 −
1

2

)

4

+
①

2

{

max{0, x1 + x2 − 1}2+

max{0, x1 − x2 − 1}2 +max{0,−x1 + x2 − 1}2 +max{0,−x1 − x2 − 1}2

}



































































(

x1 − 3

2

)

+ ①

[

max{0, x1 + x2 − 1}+

max{0, x1 − x2 − 1} −max{0,−x1 + x2 − 1} −max{0,−x1 − x2 − 1}

]

= 0

2
(

x2 − 1

2

)3
+ ①

[

max{0, x1 + x2 − 1}−

max{0, x1 − x2 − 1}+max{0,−x1 + x2 − 1} −max{0,−x1 − x2 − 1}

]

= 0
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





x∗1 = 1 + 1
4 ① −1 + · · ·

x∗2 =
1
8 ① −1 + · · ·

x∗

1
+ x∗

2
− 1 = 1 + 1

4
① −1 + 1

8
① −1 + · · · = 3

8
① −1 + · · · > 0

x∗

1
− x∗

2
− 1 = 1 + 1

4
① −1 − 1

8
① −1 + · · · = 1

8
① −1 + · · · > 0

−x∗

1
+ x∗

2
− 1 = −1− 1

4
① −1 + 1

8
① −1 + · · · < 0

−x∗

1
− x∗

2
− 1 = −1− 1

4
① −1 − 1

8
① −1 + · · · < 0
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





x∗1 = 1 + 1
4 ① −1 + · · ·

x∗2 =
1
8 ① −1 + · · ·

x∗

1
+ x∗

2
− 1 = 1 + 1

4
① −1 + 1

8
① −1 + · · · = 3

8
① −1 + · · · > 0

x∗

1
− x∗

2
− 1 = 1 + 1

4
① −1 − 1

8
① −1 + · · · = 1

8
① −1 + · · · > 0

−x∗

1
+ x∗

2
− 1 = −1− 1

4
① −1 + 1

8
① −1 + · · · < 0

−x∗

1
− x∗

2
− 1 = −1− 1

4
① −1 − 1

8
① −1 + · · · < 0

x∗1 −
3

2
+ ①

[3

8
① −1 +

1

8
① −1 + · · ·

]

=

1 +
1

4
① −1 + · · · − 3

2
+ ①

[3

8
① −1 +

1

8
① −1 + · · ·

]

= 0 +
[

· · ·
]

① −1 + · · ·
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





x∗1 = 1 + 1
4 ① −1 + · · ·

x∗2 =
1
8 ① −1 + · · ·

x∗

1
+ x∗

2
− 1 = 1 + 1

4
① −1 + 1

8
① −1 + · · · = 3

8
① −1 + · · · > 0

x∗

1
− x∗

2
− 1 = 1 + 1

4
① −1 − 1

8
① −1 + · · · = 1

8
① −1 + · · · > 0

−x∗

1
+ x∗

2
− 1 = −1− 1

4
① −1 + 1

8
① −1 + · · · < 0

−x∗

1
− x∗

2
− 1 = −1− 1

4
① −1 − 1

8
① −1 + · · · < 0

2

(

x∗

2 −
1

2

)

3

+ ①
[3

8
① −1 +

1

8
① −1 + · · ·

]

=

2
[1

8
① −1 + · · · −

1

2

]

−
3

2
+ ①

[3

8
① −1 +

1

8
① −1 + · · ·

]

=

2

(

−
1

2

)

3

+
[

· · ·
]

① −1 + · · · −
1

2

]

−
3

2
+ ①

[3

8
① −1 +

1

8
① −1 + · · ·

]

= 0 +
[

· · ·
]

① −1
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





x∗1 = 1 + 1
4 ① −1 + · · ·

x∗2 =
1
8 ① −1 + · · ·

x∗

1
+ x∗

2
− 1 = 1 + 1

4
① −1 + 1

8
① −1 + · · · = 3

8
① −1 + · · · > 0

x∗

1
− x∗

2
− 1 = 1 + 1

4
① −1 − 1

8
① −1 + · · · = 1

8
① −1 + · · · > 0

−x∗

1
+ x∗

2
− 1 = −1− 1

4
① −1 + 1

8
① −1 + · · · < 0

−x∗

1
− x∗

2
− 1 = −1− 1

4
① −1 − 1

8
① −1 + · · · < 0

x∗1 + x∗2 − 1 =
3

8
① −1 + · · · =⇒ µ∗

1 =
3

8

x∗1 − x∗2 − 1 =
1

8
① −1 + · · · =⇒ µ∗

1 =
1

8
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min x1 + x2

subject to
(

x21 + x22 − 2
)2

= 0

L(x, π) = x1 + x2 + π
(

x21 + x22 − 2
)2

The optimal solution is x∗ =

[

−1
−1

]
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φ (x, ① ) = x1 + x2 +
①

2

(

x21 + x22 − 2
)4

First–Order Optimality Conditions











x1 + 4① x1
(

x21 + x22 − 2
)3

= 0

x2 + 4① x2
(

x21 + x22 − 2
)3

= 0
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





x1 = A+B① −1 + C① −2

x2 = D + E① −1 + F ① −2

1 + 4① x∗1

[

x21 + x22 − 2
]3

=

1 +
[

4A① + 4B + 4C① −1
]

[

R+
[

· · ·
]

① −1 + · · ·+ · · ·
]3

=

where R = A2 +B2 − 2. If R 6= 0 there is still a term multiplying ① . If
R = 0, a term ① −3 can be factored out. The only possibility to eliminate the
term multiplying ① is A = 0. Spurious solution!
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min
x

1
2x

TMx

subject to Ax = b
x ≥ 0
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min
x

1
2x

TMx

subject to Ax = b
x ≥ 0

KKT conditions

Mx+ q −ATu− v = 0

Ax− b = 0

x ≥ 0, v ≥ 0, xT v = 0
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min
x

1
2x

TMx

subject to Ax = b
x ≥ 0

min
1

2
xTMx+

①

2
‖Ax− b‖22 +

①

2
‖max{0,−x}‖22 =: F (x)
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min
x

1
2x

TMx

subject to Ax = b
x ≥ 0

min
1

2
xTMx+

①

2
‖Ax− b‖22 +

①

2
‖max{0,−x}‖22 =: F (x)

∇F (x) = Mx+ q + ① AT (Ax− b)− ① max{0,−x}
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min
x

1
2x

TMx

subject to Ax = b
x ≥ 0

min
1

2
xTMx+

①

2
‖Ax− b‖22 +

①

2
‖max{0,−x}‖22 =: F (x)

∇F (x) = Mx+ q + ① AT (Ax− b)− ① max{0,−x}

x = x(0) + ① −1x(1) + ① −2x(2) + . . .

b = b(0) + ① −1b(1) + ① −2b(2) + . . .

A ∈ IRm×n rank(A) = m
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0 = Mx + q + ① AT
[

A
(

x(0) + ① −1x(1) + ① −2x(2) + . . .
)

−b(0) − ① −1b(1) − ① −2b(2) + . . .
]

+① max
{

0,−x(0) − ① −1x(1) − ① −2x(2) + . . .
}
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0 = Mx + q + ① AT
[

A
(

x(0) + ① −1x(1) + ① −2x(2) + . . .
)

−b(0) − ① −1b(1) − ① −2b(2) + . . .
]

+① max
{

0,−x(0) − ① −1x(1) − ① −2x(2) + . . .
}

Looking at the ① terms
Ax(0) − b(0) = 0

max
{

0,−x(0)
}

= 0 and hence x(0) ≥ 0
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0 = Mx + q + ① AT
[

A
(

x(0) + ① −1x(1) + ① −2x(2) + . . .
)

−b(0) − ① −1b(1) − ① −2b(2) + . . .
]

+① max
{

0,−x(0) − ① −1x(1) − ① −2x(2) + . . .
}

Looking at the ① 0 terms

Mx(0) + q +AT
(

Ax(1) − b(1)
)

− v = 0

where
vj = max

{

0,−x
(1)
j

}

only for the indices j for which x
(0)
j = 0, otherwise vj = 0
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0 = Mx + q + ① AT
[

A
(

x(0) + ① −1x(1) + ① −2x(2) + . . .
)

−b(0) − ① −1b(1) − ① −2b(2) + . . .
]

+① max
{

0,−x(0) − ① −1x(1) − ① −2x(2) + . . .
}

Set
u = Ax(1) − b(1)

vj =

{

0 if x
(0)
j = 0

max
{

0,−x
(1)
j

}

otherwise

Then
Mx(0) + q +ATu− v = 0

v ≥ 0, vTx0 = 0
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Equality Constraints Inequality Constraints Quadratic Problems Algorithms
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min
x

f(x)

f(x) = ① f (1)(x) + f (0)(x) + ① −1f (−1)(x) + . . .

∇f(x) = ① ∇f (1)(x) +∇f (0)(x) + ① −1∇f (−1)(x) + . . .
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min
x

f(x)

At iteration k
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min
x

f(x)

At iteration k

If

∇f (1)(xk) = 0 and ∇f (0)(xk) = 0

STOP
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min
x

f(x)

At iteration k

otherwise find xk+1 such that
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min
x

f(x)

At iteration k

otherwise find xk+1 such that

If ∇f (1)(xk) 6= 0

f (1)(xk+1) ≤ f (1)(xk) + σ
(∥

∥

∥
∇f (1)(xk)

∥

∥

∥

)

f (0)(xk+1) ≤ max
0≤j≤lk

f (0)(xk−j) + σ
(∥

∥

∥
∇f (0)(xk)

∥

∥

∥

)
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min
x

f(x)

At iteration k

otherwise find xk+1 such that

If ∇f (1)(xk) = 0

f (0)(xk+1) ≤ f (0)(xk) + σ
(∥

∥

∥
∇f (0)(xk)

∥

∥

∥

)

f (1)(xk+1) ≤ max
0≤j≤mk

f (1)(xk−j)
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min
x

f(x)

m0 = 0, mk+1 ≤ max {mk + 1,M}
l0 = 0, kk+1 ≤ max {lk + 1, L}

σ(.) is a forcing function.
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Case 1: ∃k̄ such that ∇f (1)(xk) = 0, k ≥ k̄
Then

f (1)(xk+1) ≤ max
0≤j≤mk

f (1)(xk−j), k ≥ k̄

and hence

max
0≤i≤M

f (1)(xk̄+Ml+i) ≤ max
0≤i≤M

f (1)(xk̄+M(l−1)+i)

and
f (0)(xk+1) ≤ f (0)(xk) + σ

(∥

∥

∥
∇f (0)(xk)

∥

∥

∥

)

, k ≥ k̄

Assuming that the level sets for f (1)(x0) and f (0)(x0) are compact sets, then
the sequence has at least one accumulation point x∗ and any accumulation
point satisfies ∇f (1)(x∗) = 0 and ∇f (0)(x∗) = 0
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Case 2: ∃ a subsequence jk such that ∇f (1)(xjk) 6= 0
Then

f (1)(xjk+1) ≤ f (1)(xjk) + +σ
(∥

∥

∥
∇f (1)(xjk)

∥

∥

∥

)

Again

max
0≤i≤M

f (1)(xjk+Mt+i) ≤ max
0≤i≤M

f (1)(xjk+M(t−1)+i) + σ
(
∥

∥

∥
∇f (1)(xjk)

∥

∥

∥

)

and hence ∇f (1)(xjk) → 0.
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Case 2: ∃ a subsequence jk such that ∇f (1)(xjk) 6= 0
Then

f (1)(xjk+1) ≤ f (1)(xjk) + +σ
(∥

∥

∥
∇f (1)(xjk)

∥

∥

∥

)

Again

max
0≤i≤M

f (1)(xjk+Mt+i) ≤ max
0≤i≤M

f (1)(xjk+M(t−1)+i) + σ
(
∥

∥

∥
∇f (1)(xjk)

∥

∥

∥

)

and hence ∇f (1)(xjk) → 0. Moreover,

max
0≤i≤L

f (0)(xjk+Lt+i) ≤ max
0≤i≤L

f (0)(xjk+L(t−1)+i) + σ
(∥

∥

∥
∇f (0)(xjk)

∥

∥

∥

)

and hence ∇f (0)(xjk) → 0.
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At iterations k calculate ∇f(xk).
If ∇f (1)(xk) 6= 0

xk+1 = min
α≥0,β≥0

f
(

xk − α∇f (1)(xk)− β∇f (0)(xk)
)

If ∇f (1)(xk) 6= 0

xk+1 = min
α≥0

f (0)
(

xk − α∇f (0)(xk)
)
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min
x

1
2x

2
1 +

1
6x

2
2

subject to x1 + x2 − 1 = 0

f(x) =
1

2
x21 +

1

6
x22 +

1

2
① (1− x1 − x2)

2

x0 =

[

4
1

]

→ x1 =

[

0.31
0.69

]

→ x2 =

[

−0.1
0.39

]

→ x3 =

[

0.26
0.74

]

→

x4 =

[

−0.12
0.38

]

→ x5 =

[

0.25
0.75

]
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min
x

x1 + x2

subject to x11 + x22 − 2 = 0

f(x) =
1

2
x21 +

1

6
x22 +

1

2
① (1− x1 − x2)

2

x0 =

[

0.25
0.75

]

→ x1 =

[

−1.22
−0.72

]

→ x2 =

[

−7.39
−6.89

]

→ x3 =

[

1.04
0.95

]

→

x4 =

[

−7.10
−7.19

]

→ x5 =

[

−1
−1

]
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Thanks for your attention
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