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Motivations

The numerical solution of differential equations can be quite difficult, even
when solving (apparently) simple problems.

As a result, in many cases, general purpose methods, implemented in state
of art numerical codes, may fail.

In order to give evidence of this fact, let us consider the ODE solvers
implemented in the current version of Matlab (in alphabetical order):

ode113

ode15s

ode23

ode 23s

ode23t

ode23tb

ode45
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The Kepler problem

Let us now consider the following, well-known, problem,
derived from the Kepler’s laws (Johannes Kepler
(1531–1630)), describing the motion of a celestial two-body
system (e.g., Earth-Sun or Earth-Moon):

q̇i = pi , ṗi = − qi(
q2

1 + q2
2

) 3
2

, i = 1, 2,

with (q1, q2) the coordinates of the satellite, and the (p1, p2) its velocity.
In particular, the initial conditions

q1(0) = 1− ε, q2(0) = 0, p1(0) = 0, p2(0) =

√
1 + ε

1− ε
,

provide a periodic solution of period T = 2π, given by an ellipse with
eccentricity ε ∈ [0, 1).

Let us solve the problem, by using the Matlab solvers over 50 periods.
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Kepler problem, ε = 0.5.
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Matlab ODE113
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Matlab ODE15s
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Matlab ODE23
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Matlab ODE23s
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Matlab ODE23t
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Matlab ODE23tb
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Matlab ODE45
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Beautiful . . . but wrong simulations

Should Sir Isaac Newton (1642–1727) have used such
simulations, he would have not derived his Principia!
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Where is the problem?

The numerical solution of the ODE problem

ẏ(t) = f (y(t)), t ≥ 0, y(0) = y0, (1)

is conceptually derived by defining, at first, a discrete domain, which we
shall assume to be uniform, for sake of simplicity,

tn = nh, n = 0, 1, . . . , h > 0.

A corresponding discrete problem is then defined over the discrete domain,
e.g.,

F (yn+1, yn; h) = 0, n = 0, 1, . . . , y0 given, (2)

with yn ≈ y(tn). In order for the method to be effective, it is mandatory
that the dynamical systems induced by (1) and (2) are qualitatively similar.
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Geometric Integration

In the framework of numerical methods for differential equations,
Geometric Integration studies the approximation of relevant geometric
properties of the solution of the continuous dynamical system, in the
corresponding discrete dynamical systems induced by the methods.

Usually, numerical methods which are able to reproduce the desired
geometrical properties, for the given class of problems, are named
geometric integrators.

As an example, A-stable methods are
geometric integrators, when solving
dissipative problems.
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Conservative Problems

Things become more delicate when stability results by first approximation
don’t apply.

We mention, e.g., conservative problems, whose geometric properties are
often characterized by costants of motion, namely, quantities which are
kept constant along the solution trajectories.

In this framework, Hamiltonian problems are of paramount importance,
since they are used in the mathematical modelling of very many
applications, ranging from the nano-scale of molecular dynamics, to the
macro-scale of celestial mechanics.
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Hamiltonian problems

Their general form is:

q̇ =
∂

∂p
H(q, p),

ṗ = − ∂

∂q
H(q, p), t > 0,

q(0) = q0, p(0) = p0 ∈ Rm,
Sir Rowan

Hamilton

(1805–1865)

where
H : (q, p)> ∈ R2m → R

is the Hamiltonian function, or Hamiltonian, of the problem.
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First order formulation

By setting
y = (q, p)>,

one obtains the more compact formulation

ẏ = J∇H(y), y(0) = y0 ∈ R2m, J =

(
Im

−Im

)
,

where J> = −J = J−1. Consequently, one easily sees that the
Hamiltonian is a costant of motion, i.e.,

H(y(t)) ≡ H(y0), ∀t ≥ 0.

In fact, due to the fact that J> = −J:

d

dt
H(y(t)) = ∇H(y(t))>ẏ(t) = ∇H(y(t))>J∇H(y(t)) = 0.
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Conservation of energy

Often, the Hamiltonian H is called the
energy, since it has the phisical meaning of
total energy, for isolated mechanical systems.

From this fact, one easily realizes that
energy conservation is an important feature
for such problems.

General numerical methods usually produce
a numerical drift of the energy.

This fact, makes impossible a correct
long-term simulation of the underlying
phenomena.
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Matlab ODE113
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Matlab ODE15s
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Matlab ODE23
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Matlab ODE23s
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Matlab ODE23t
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Matlab ODE23tb
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Matlab ODE45
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Symplectic map
The continuous map associated with a Hamiltonian problem,

φt : y0 → y(t),

can be proved to be symplectic:

(φ′t)
>J(φ′t) = J.

In the continuous setting, the conservation of the Hamiltonian derives
from the symplecticity of the map.
A given numerical method, in turn, induces a correcponding discrete map,

Φh : y0 → y1.

Symplectic methods are derived by requiring the same property:

(Φ′h)>J(Φ′h) = J.
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Symplectic methods

Symplectic Runge-Kutta (RK) methods have been studeid by Feng Kang
[1], Sanz-Serna [2], and Suris [3].

In particular, Sanz-Serna provides a simple algebraic criterion for
symplecticity, thus proving the exsistence of symplectic R-K methods of
arbitrarily high-order, namely Gauss-Legendre collocation methods:

for all s = 1, 2, . . . , the s-stage Gauss method is symplectic and of order
2s.

[1] Feng Kang. On Difference Schemes and Symplectic Geometry. Science Press, Beijing, 1985.
[2] J.M. Sanz-Serna. Runge-Kutta schemes for Hamiltonian systems. BIT 28 (1988) 877-883.

[3] Y.B. Suris. The canonicity of mappings generated by Runge-Kutta type methods when

integrating the systems ẍ = −∂U/∂x . U.S.S.R. Comput. Math. and Math. Phys. 29 (1989)

138–144.
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2-stage Gauss method, h = T/50
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2-stage Gauss method, h = T/50
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Backward error analysis

When solving Hamiltonian problems, symplectic methods usually prove to
be much better than “standard” methods.

Under regularity assumptions, along with suitable stepsize restrictions
(h ≤ h0), a symplectic method exactly solves a un perturbed Hamiltonian
problem [4]

˙̃y = J∇H̃h(ỹ), ỹ(0) = y0 ∈ R2m,

thus resulting into an approximate energy conservation over exponentially
long times.

[4] G. Benettin, A. Giorgilli. On the Hamiltonian interpolation of near to the identity symplectic

mappings with application to symplectic integration algorithms. J. Statist. Phys. 74 (1994)

1117-1143.
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Perturbed Hamiltonian

Nevertheless, the perturbed problem could be not a satisfactory
approximation to the original problem, unless the stepsize is not
adequately small.

As an example, let us consider the polynomial Hamiltonian [5]:

H(q, p) = p2 + 102q2 + (q + p)8.

In particular, let consider the level curves passing at

(qi , pi ) = (i ,−i), i = 1, . . . , 8.

[5] L.B., F. Iavernaro, D. Trigiante. A note on the efficient implementation of Hamiltonian

BVMs. Jour. Comput. Appl. Math. 236 (2011) 375–383.
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Level curves
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2-stage Gauss method, h = 10−3
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Cassini ovals

As a furtehr example, let us consider the problem defined
by the following polynomial Hamiltonian [6]:

H(q, p) = (q2 + p2)2 − 10(q2 − p2).

Giovanni

Domenico Cassini

(1625–1712)

[6] L.B., G. Frasca Caccia, F. Iavernaro. Hamiltonian Boundary Value Methods (HBVMs) and

their efficient implementation. Mathematics in Engineering, Science and Aerospace 5, No. 4

(2014) 343–411.
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Level curves of the Hamiltonian

The level curves of H are Cassini ovals: let consider that passing at
(q0, p0) = (0, 10−5).
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2-stage Gauss method, h = 10−2
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The correct periodicity is lost!
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Energy error
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Level curves
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Energy-conserving metods

Alternatively, one can look for methods which are able to conserve the
energy along the numerical solution.

It is quite well-known that projection techniques coupled with standard
solvers are not effective.

Energy-conserving methods have been, therefore, considered: e.g. discrete
gradients [7], time finite elements [8], collocation-type methods [9].

[7] O. Gonzales. Time integration and discrete Hamiltonian systems. J. Nonlinear Sci. 6 (1996)
449–467.
[8] P. Betsch, P. Steinmann. Inherently Energy Conserving Time Finite Elements for Classical
Mechanics. J. Comp. Phys. 160 (2000) 88–116.
[9] E. Hairer. Energy-preserving variant of collocation methods. JNAIAM 5, 1-2 (2010) 73–84.
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Line Integral Methods

We shall follow a different approach, based on the (quite straightforward)
idea [10,11,12] of zeroing the following line integral,

H(y(t))− H(y0) =

∫ t

0
∇H(y(s))>ẏ(s)ds = 0,

which holds true for all t, for the continuous solution, since

ẏ(s) = J∇H(y(s)) and J> = −J.

[10] F. Iavernaro, B. Pace. s-Stage Trapezoidal Methods for the Conservation of Hamiltonian
Functions of Polynomial Type. AIP Conf. Proc. 936 (2007) 603–606.
[11] F. Iavernaro, B. Pace. Conservative Block-Boundary Value Methods for the Solution of
Polynomial Hamiltonian Systems. AIP Conf. Proc. 1048 (2008) 888–891.

[12] F. Iavernaro, D. Trigiante. High-order symmetric schemes for the energy conservation of

polynomial Hamiltonian problems. JNAIAM 4, 1-2 (2009) 87–101.
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Choice of a different path

Nevertheless, if time if discretized with a stepsize h > 0,

tn = nh, n = 0, 1, 2, . . . ,

energy conservation at t1 = h can be gained by considering any path σ(·)
joining

y0 = σ(0) to y1 ≡ σ(h),

and such that:

H(y1)− H(y0) ≡ H(σ(h))− H(σ(0))

=

∫ h

0
∇H(σ(s))>σ̇(s)ds

= h

∫ 1

0
∇H(σ(τh))>σ̇(τh)dτ = 0.
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A polynomial path

We choose σ as a polynomial of degree s, whose first derivative we expand
along the orthonormal Legendre basis {Pj}j≥0 on [0,1],∫ 1

0
Pi (c)Pj(c)dc = δij , ∀i , j ≥ 0,

thus obtaining:

σ̇(ch) =
s−1∑
j=0

γjPj(c), c ∈ [0, 1].

By imposing the initial condition σ(0) = y0, one then obtains:

σ(ch) = y0 + h
s−1∑
j=0

γj

∫ c

0
Pj(τ)dτ, c ∈ [0, 1].
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Energy conservation

By imposing that the line integral vanishes, so that H is conserved, one has

∫ 1

0
∇H(σ(τh))>σ̇(τh)dτ =

∫ 1

0
∇H(σ(τh))>

= σ̇(τh)︷ ︸︸ ︷
s−1∑
j=0

γjPj(τ)dτ

=
s−1∑
j=0

(∫ 1

0
∇H(σ(τh))Pj(τ)dτ

)>
γj = 0.

Since J is a skew-symmetric matrix, this can be gained by choosing the
coefficients γj as

γj = J

∫ 1

0
∇H(σ(τh))Pj(τ)dτ, j = 0, . . . , s − 1.
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Discrete problem

By setting f (·) = J∇H(·), the discrete problem defining the unknown
coefficients γj becomes

γj =

∫ 1

0
Pj(τ)

= f (σ(τh))︷ ︸︸ ︷
f

(
y0 + h

s−1∑
i=0

γi

∫ τ

0
Pi (c)dc

)
dτ,

j = 0, . . . , s − 1.

Since P0(τ) ≡ 1, the new approximation is then given by:

y1 ≡ σ(h) = y0 + hγ0 = y0 + h

∫ 1

0
f (σ(τh))dτ.

Nevertheless, the previous expressions don’t provide yet an operative
method. For this purpose, one has to approximate the involved integrals
by means of a suitable quadrature formula.
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Maximum order formula

∫ 1

0
Pj(c)f (σ(ch))dc ≈

k∑
i=1

biPj(ci )f (σ(cih)),

By choosing the absissae as the zeroes of the k-th Legendre polynomial,

Pk(ci ) = 0, i = 1, . . . , k ,

and using the corresponding weights, one obtains the highest-order
(q = 2k) interpolatory formula, which is exact for polynomial integrands of
degree up to 2k − 1. Then exact, for polynomial Hamiltonians of degree
no larger than

ν ≤ 2k

s
.
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Hamiltonian Boundary Value Methods (HBVMs)

This choice of the quadrature defines a HBVM(k, s) method:

γj =
k∑
`=1

b`Pj(c`)f

(
y0 + h

s−1∑
i=0

γi

∫ c`

0
Pi (c)dc

)
,

j = 0, . . . , s − 1.

It is worth noticing that the discrete problem consists of s nonlinear
equations in the unknowns {γj}, indipendently of k , i.e., of the order of
the quadrature used.
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Runge-Kutta formulation
By plugging the expressions of the coefficients γj into the polynomial σ,

σ(ch) = y0 + h
s−1∑
j=0

γj

∫ c

0
Pj(τ)dτ, c ∈ [0, 1],

and defining the stages

Yi = σ(cih), i = 1, . . . , k ,

one obtains:

Yi = y0 + h
k∑

j=1

=aij︷ ︸︸ ︷(
bj

s−1∑
`=0

∫ ci

0
P`(s)dsP`(ci )

)
f (Yj), i = 1, . . . , k ,

with the new approximation given by:

y1 = y0 + h
k∑

i=1

bi f (Yi ).
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k-stages Runge-Kutta method
In conclusion, one obtains that the HBVM(k , s) method is the k-stages
Runge-Kutta method

c A = (aij) ≡ IsP>s Ω

b>

with c = (c1, . . . , ck)>, b = (b1, . . . , bk)>, and

Is =


∫ c1

0 P0(x)dx . . .
∫ c1

0 Ps−1(x)dx
...

...∫ ck
0 P0(x)dx . . .

∫ ck
0 Ps−1(x)dx

 ,

Ps =

 P0(c1) . . . Ps−1(c1)
...

...
P0(ck) . . . Ps−1(ck)

 ∈ Rk×s

Ω = diag(b1, . . . , bk) ∈ Rk×k .
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Properties

For all k ≥ s, HBVM(k , s):

is a symmetric method of order 2s: y1 − y(h) = O(h2s+1);

when k = s, HBVM(s,s) reduces to the (symplectic) s-stages
Gauss-Legendre method;

is “energy-conserving” for polynomial Hamiltonians of degree

ν ≤ 2k

s
;

for general Hamiltonians,

H(y1)− H(y(h)) = O(h2k+1),

thus implying a “pratical” energy conservation, for k large enough.
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Some examples

Kepler problem, using the stepsize h = T/50, HBVM(8,2) turns out
to be “practically” energy-conserving;

level curves problem: HBVM(4s, s) is exactly energy-conserving;

Cassini ovals: HBVM(2s, s) is exactly energy-conserving.
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Kepler problem, HBVM(8,2), h = T/50
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Kepler problem, HBVM(8,2), h = T/50
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Level curves, HBVM(8,2), h = 10−3
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Cassini ovals, HBVM(4,2), h = 10−2
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Cassini ovals, correct periodicity
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Cassini ovals, energy error
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Planar circular restricted 3-body problem

H(q, p) = p1q2−p2q1+
‖p‖2

2

2
− 1− µ√

(q1 + µ)2 + q2
2

− µ√
(q1 − (1− µ))2 + q2

2

One obtains:

H(q, p) =
1

2
‖q̇‖2

2 − Ω(q, p),

where Ω(q, p) is the Jacobi integral. Consequently, the dynamics is only
allowed in the admissible regions, which are given by sets of the points
(q, p) such that

Ω(q, p) ≥ −H(q, p) ≡ −H(q0, p0).

These are named Hill’s regions.
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Hill region and trajectory, µ = 0.3
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Implicit mid-point (HBVM(1,1)) Vs. HBVM(8,1),
h = 5 · 10−4
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Generalizations

Line Integral Methods can be naturally extended in order to cope with
general conservative problems, as well as to the case of multiple invariants
[18–21], including Hamiltonian boundary value problems [22].

[18] L.B., M. Calvo, J.I. Montijano, L. Ràndez. Energy preserving methods for Poisson
systems. Jour. Compt. Appl. Math. 236 (2012) 3890–3904.

[19] L.B., F. Iavernaro. Line Integral Methods which preserve all invariants of conservative
problems. Jour. Compt. Appl. Math. 236 (2012) 3905-3919.

[20] L.B., F.Iavernaro, D.Trigiante. Energy and QUadratic Invariants Preserving
integrators based upon Gauss collocation formulae. SIAM J. Numer. Anal. 50, No. 6
(2012) 2897–2916.

[21] L.B., Y. Sun. Multiple invariants conserving Runge-Kutta type methods for
Hamiltonian problems. Numer. Alg. 65 (2014) 611–632.

[22] P. Amodio, L.B., F. Iavernaro. Energy-conserving methods for Hamiltonian Boundary
Value Problems and applications in astrodynamics. Advances in Computational
Mathematics 41 (2015) 881–905.
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Hamiltoniane PDEs

HBVMs can be conveniently used for the efficient numerical solution of
Hamiltonian PDEs, after a suitable space semi-discretization [23].

Let us consider, as an example, the semi-linear wave equation with
periodic boundary conditions:

utt = α2uxx − f ′(u), (x , t) ∈ (0, 1)× (0,∞),

u(x , 0) = ψ(x), ut(x , 0) = φ(x), x ∈ [0, 1],

u(0, t) = u(1, t), t ≥ 0,

[23] L.B., G.Frasca Caccia, F.Iavernaro. Energy conservation issues in the numerical solution of

the nonlinear wave equation. Applied Mathematics and Computation 270 (2015) 842–870.
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Hamiltonian formulation

By setting v = ut , one obtains the corresponding first-order Hamiltonian
formulation,

ut = v ≡ δ

δv
H[u, v ],

vt = α2uxx − f ′(u) ≡ − δ

δu
H[u, v ],

which is defined by the Hamiltonian

H[u, v ](t) =

∫ 1

0

[
1

2
v2(x , t) +

α2

2
u2
x (x , t) + f (u(x , t))

]
dx ,

which turns out to be conserved. Setting z = (u, v)> and ∇H = δ
δzH one

has:

zt = J∇H(z), J =

(
0 1
−1 0

)
.
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Fourier expansion in space

Let us consider the orthonormal functional basis on [0,1]:

c0(x) ≡ 1, ci (x) =
√

2 cos(2iπx), si (x) =
√

2 sin(2iπx), i = 0, 1, . . . .

It is then possible to define the exapnsion:

u(x , t) = γ0(t)c0(x) +
∑
j≥1

γi (t)ci (x) + ηi (t)si (x),

which allows to reformulate the given problem in terms of the unknown
coefficients of the expansion,

q(t) := (γ0(t), γ1(t), η1(t), γ2(t), η2(t), . . . )> ,

thus including, in the expansion, the periodic boundary conditions.
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Infinite-dimensional Hamiltonian problem

By setting the infinite vectors p(t) := q̇(t) and

ω(x) := (c0(x), c1(x), s1(x), c2(x), s2(x), . . . )> ,

and the infinite matrix

D :=



0
(2π)2

(2π)2

(4π)2

(4π)2

. . .


,

one obtains:
u(x , t) = ω(x)>q(t).
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Infinite-dimensional Hamiltonian problem, 2
Moreover, by further setting the infinite vector

y =

(
q
p

)
one obtains the Hamiltonian problem

ẏ = J∇H(y),

with

J =

(
I

−I

)
, I =

 1
1

. . .

 ,

and Hamiltonian

H(y) ≡ H(q, p) =
1

2
p>p +

α2

2
q>Dq +

∫ 1

0
f (ω(x)>q)dx .
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Fourier-Galerkin space Semi-discretization

In order to get an effective method, one has to truncate the expasion of u,
thus obtaining:

uN(x , t) = γ0(t)c0(x) +
N∑
j=1

γi (t)ci (x) + ηi (t)si (x).

This allows to rewrite the original problem in terms of the finite vector

qN(t) := (γ0(t), γ1(t), η1(t), γ2(t), η2(t), . . . γN(t), ηN(t))> ,

having dimension 2N + 1.
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Hamiltonian problem
By setting the 2N + 1 vectors pN(t) := q̇N(t) and

ωN(x) := (c0(x), c1(x), s1(x), c2(x), s2(x), . . . cN(x), sN(x))> ,

as well as the matrix

DN :=



0
(2π)2

(2π)2

(4π)2

(4π)2

. . .

(2Nπ)2

(2Nπ)2


,

one obtains
uN(x , t) = ωN(x)>qN(t).
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Hamiltonian problem, 2

Moreover, by further setting the vector, of dimension 4N + 2,

yN =

(
qN
pN

)
one obtains the Hamiltonian problem

ẏN = JN∇HN(yN),

with

JN =

(
I2N+1

−I2N+1

)
,

and Hamiltonian

H(yN) ≡ HN(qN , pN) =
1

2
p>NpN +

α2

2
q>NDNqN +

∫ 1

0
f (ωN(x)>qN)dx .
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Properties

uN → u, as N →∞, more than exponentially under regularity
assumptions (spectral accuracy).

Similarly, HN → H, as N →∞.

Very efficient implementation of HBVM(k, s) methods for solving the
resulting Hamiltonian ODE-problem.

By choosing k large enough, one obtains a practical conservation of
the semi-discrete Hamiltonian HN .

This is important, whenever an accurate energy-conservation
represents an added value.
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Sine-Gordon equation

Let us consider the semi-linear Sine-Gordon equation,

utt = uxx − sin(u),

with initial conditions

u(x , 0) = 0, ut(x , 0) =
4

γ
sech

(
x

γ

)
,

which has a soliton solution dependending on the parameter

γ > 0.

It turns out that also the value of the Hamiltonian does depend on such a
parameter.
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Hamiltonian value

The Hamiltonian value charaterizes the solution: γ < 1, kink-antikink;
γ = 1, double-pole; γ > 1, breather.

Luigi Brugnano - Università di Firenze Line Integral Methods Pizzo Calabro, June 21, 2016 74 / 81



Breather γ > 1
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Kink-antikink 0 < γ < 1
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Double-pole γ = 1
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Numerical results, γ = 1, N = 100, ∆t = 0.1
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Numerical results, γ = 1, HBVM(1,1)
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Numerical results, γ = 1, HBVM(5,1)
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http://www.math.unifi.it/˜brugnano/LIMbook/

Recent book on the subject:

On the Book Homepage, one finds:

full informations on the book;

Matlab codes for methods and
problems;

a gallery of examples.

– Thank you! –
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